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The yield inception of a deformable hard coated half space indented by a rigid sphere is studied. The
effect of coating thickness, sphere radius and material properties of both the coating and substrate on
the critical contact parameters at yield inception is investigated. Dimensionless empirical expressions
for the critical load, critical contact area and critical interference are derived as functions of a
dimensionless hard coating parameter. Three different locations of the yield inception of the coated
system are observed. A comparison is made with the case of a ﬂattened coated sphere.
& 2012 Elsevier Ltd. All rights reserved.
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1. Introduction
In many engineering applications, such as cutting tools, hard
disk drives and electrical circuits, thin coatings have been widely
used to improve the performance of mechanical components. The
application of thin coatings on a substrate is also a common way
to improve the tribological properties of components during
multiple contacts and sliding. In particular, hard coatings, such
as ceramics, DLC (diamond-like carbon) and titanium alloys are
widely used as protective coatings to reduce friction and wear,
see, e.g., Refs. [1–5].
A large volume of studies can be found in the literature on the
indentation problem associated with coated substrates (see
Fig. 1(a)). One of the main goals of these studies is the characterization of mechanical properties of the coatings by indentation
tests, see, e.g., Refs. [6–12]. Analyzing the indentation of coated
surfaces is much more complicated compared to the indentation
of homogeneous un-coated solids, see, e.g., Ref. [13]. Semianalytical solutions, which involve numerical procedures, are
generally used to analyze the elastic indentation of coated
substrates. Jaffar [14] developed a numerical method for an
elastic coating/rigid substrate system indented by a punch.
Ramalingam and Zheng [15] provided an analytical solution for
the stresses at the coating/substrate interface for a pure elastic
contact. In addition, a displacement formulation was proposed to
calculate the stresses. Li and Chou [16] provided a theoretical
solution of the elastic response of a coated substrate indented by
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a parabolic load distribution. They found that the contact behavior was sensitive to the coating thickness and to the ratio of the
elastic moduli of the coating and the substrate. In addition, a
discontinuity of radial stress was observed at the interface. They
also found that a substrate with a hard coating experienced lower
normal stress than a homogeneous un-coated substrate. Schwarzer [17] developed a mathematical method to calculate the stress
ﬁeld and displacement of a coated substrate under any given
stress distribution on the surface. Fretigny and Chateauminois
[18] presented an integral transform method for calculating the
elastic stress ﬁeld in a coated substrate under an axisymmetric
external pressure. Hsueh and Miranda [19] developed an analytical model for a Hertzian indentation of a coated substrate. A
dimensionless indenter displacement, normalized with the indentation depth on an inﬁnitely thick coating, was described as a
function of the coating-thickness-to-contact-radius ratio and the
coating-to-substrate Young’s moduli ratio. In a related paper,
Hsueh and Miranda [20] obtained an empirical solution for the
coating-thickness-to-contact-radius ratio, which was combined
with the previous analytical model to calculate the indenter
displacement and normal load for a given contact radius of a
speciﬁed coating/substrate system.
For analyzing elastic-plastic deformation of coated substrates
ﬁnite element methods are commonly used. Komvopoulos [21,22]
and Kral et al. [23,24] studied elastic-plastic indentation of coated
surfaces. They found that the coating thickness and mechanical
properties of the coating and the substrate signiﬁcantly affect the
contact pressure and the stress distribution in the coating and the
substrate. In Ref. [22], it was found that for a ceramic coating on a
metallic substrate the onset of plastic deformation always occurs
at the coating/substrate interface. Sen et al. [25] studied an
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load.
contact area.
interference.
contact radius.
coating thickness.
radius of sphere.
Young’s modulus.
yield strength.
Poisson’s ratio.
modiﬁed critical interference ratio, (oc_co/oc_su)/(Eco/
Esu).
hard coating parameter.
contact pressure.

indentation of an elastic sphere into a compliant substrate with a
stiffer coating. Similar to that in Ref. [22] it was found that
yielding always started at the coating/substrate interface, and
that the stress was discontinuous at the interface due to the
assumption of perfect bonding between the coating and the
substrate. Djabella and Arnell [26] analyzed the elastic stresses
in single, double and multilayer media combining ﬁnite element
analysis and the Hertz theory. They found that the stresses in the
coated substrate depend on the ratio of the coating thickness to
the contact radius and the ratio of the Young’s moduli of the
coating and the substrate. Sun et al. [27] investigated the indentation of a rigid sphere into various TiN coating/substrate systems.
The dimensionless critical load at the onset of plastic deformation,
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truncated contact area.
truncated contact radius.
geometrical parameter depending on indenter shape.

Subscripts
c
c_co
c_su
co
su
p
m
e

critical value.
critical value of a ﬂat made of the coating material.
critical value of ﬂat made of the substrate material.
coating.
substrate.
corresponds to peak values.
mean value.
equivalent value.

normalized by the critical load of an un-coated substrate, was
presented as a function of a normalized coating thickness t/R in
the range of 0rt/Rr0.09, where t is the coating thickness and R is
the radius of the sphere. A loading bearing capacity, in which the
dimensionless critical load ﬁrst decreases with the coating thickness when the coating is very thin and then increases with the
coating thickness when the coating is thick, was predicted. They
also found that a very thin hard coating would weaken the coated
substrate. Hu and Lawn [28] developed a formulation to predict
the indentation stress as a function of the indentation strain a/R in
a coated substrate, where a is the contact radius and R is the radius
of the spherical indenter. Wang et al. [29] evaluated the effect of
substrate on the mechanical response of a coated substrate
indented by a rigid conical indenter. A ‘‘substrate factor’’ was
obtained related to the load–displacement curve, which can be
ﬁtted as a power function. All the above investigations [21–29]
concerned a certain speciﬁc combination of materials for the
coated system and did not present a general solution.
It was shown in several studies of elastic-plastic spherical
contact that a universal dimensionless model can be obtained by
normalizing the contact parameters with respect to their corresponding critical values at yield inception, see, e.g., Refs. [30,31].
The critical contact parameters for ﬂattened solid sphere (see Ref.
[32]) and ﬂattened spherical shell (see Refs. [33,34]) under both
slip and stick contact conditions were presented. More recently
Goltsberg et al. [35] studied the yield inception of a ﬂattened
coated sphere and presented the critical contact parameters for a
speciﬁc case of Esu/Ysu ¼952, where Esu and Ysu are the Young’s
modulus and Yield strength of the spherical substrate, respectively.
A comparison of ﬂattening and indentation of spherical elasticplastic contact for homogenous un-coated surfaces is presented in
Ref. [31]. However, no similar comparison could be found in the
published literature for a coated spherical contact. To ﬁll this gap,
the present work ﬁrst explores a dimensionless solution for yield
inception of an indented coated half space. Critical contact parameters are then presented for a wide range of material properties.
Finally, the results for an indented coated half space are compared
with the results for a ﬂattened coated sphere presented in Ref. [35].

t
R

2. Modeling
2.1. Background

Fig. 1. Schematic of a coated spherical contact: (a) indentation and (b) ﬂattening.

The classical Hertz theory, see, e.g., Ref. [13], provides a
solution for the case of a rigid sphere with a radius R indenting
an elastic half space. The relations between the normal load P, the

interference o and the contact radius a, for frictionless contact
condition, are given by:
4 ER1=2 o3=2
3 ð1n2 Þ

ð1Þ

pﬃﬃﬃﬃﬃﬃﬃ
a ¼ oR

ð2Þ

where E and n are the Young’s modulus and Poisson’s ratio of the
half space material, respectively. The above expressions also hold
for the case of an elastic sphere loaded by a rigid ﬂat, in which
case E and n are the corresponding material properties of the
sphere.
The critical load Pc and the critical interference oc at yield
inception (see, e.g., Ref. [32]) are:


p3 3
Y 2
C n Y Rð1n2 Þ
ð3Þ
Pc ¼
E
6


oc ¼ C n

 2

pð1n2 Þ Y
2

E

R

The subscripts ‘‘co’’ and ‘‘su’’ above correspond to the coating
and substrate materials, respectively. The subscripts ‘‘c_su’’ or
‘‘c_co’’ correspond to the critical values of a solid sphere made of
the substrate material or coating material, respectively.
Fig. 2(a) (obtained from Ref. [35]) presents typical results for
the dimensionless critical load of the ﬂattened coated sphere Pc/
Pc_co at various critical loads ratios vs. the dimensionless coating
thickness t/R, assuming that Esu/Ysu ¼952. In Ref. [35], a peak
value (Pc/Pc_co)max is observed at a certain dimensionless coating
thickness t/R ¼(t/R)p that was given by:
 


t
Pc_co 0:507
¼ 2:838  103
ð5bÞ
R p
Pc_su
Fig. 2(b) presents the same results of Fig. 2(a) but consolidated
into a single curve by plotting them as a function of the coating
parameter for the case of Esu/Ysu ¼952. Empirical expressions for
the dimensionless critical contact parameters are presented in
Ref. [35] for the range of 2 rPc_co/Pc_su r9 and two typical values
of k0 , i.e., k0 ¼0.678 and 0.31. They also found that the yield
inception of a ﬂattened coated sphere is dependent on Esu/Ysu.
Considering the effect of Esu/Ysu, (t/R)p is given as
 
 1:014 

t
Esu
P c_co 0:536
¼ 2:824U
ð6Þ
R p
Y su
Pc_su

2.2. Finite element model
Fig. 3(a) presents a 2D axisymmetric ﬁnite element model of a
coated half space indented by a rigid sphere. The Young’s
modulus of the sphere was chosen to be Esphere ¼1000Eco to model
a ‘‘perfectly rigid’’ body.
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where Cn ¼1.234 þ1.256n, E, Y and n are the Young’s modulus,
yield strength and Poisson’s ratio of the sphere, respectively.
Recently, Goltsberg et al. [35] developed a model for the onset
of plastic yield in a coated sphere compressed by a rigid ﬂat as
shown in Fig. 1(b) and a speciﬁc case of Esu/Ysu ¼952 was
investigated in detail. They identiﬁed three dimensionless parameters that control the problem. These parameters are: (a) critical
loads ratio Pc_co/Pc_su, (b) modiﬁed critical interferences ratio
k0 ¼(oc_co/oc_su)/(Eco/Esu) and (c) coating parameter for the case
of Esu/Ysu ¼952 given by:
 

t
Pc_co 0:507
l’ ¼
ð5aÞ
R
P c_su
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Fig. 2. Dimensionless critical load Pc/Pc_co of the ﬂattened coated sphere as a
function of (a) dimensionless coating thickness t/R and (b) coating parameter l0 for
different values of critical loads ratio (presented in Ref. [35]).

The simulation was performed using an implicit integration
solver with a commercially available ﬁnite element software
ANSYS (version 11.0). The dimensions of the substrate were
chosen to be 4R  5R in the x and z directions, respectively.
As shown in Fig. 3(b), the coated substrate was divided into
three different mesh density zones. Zone I, with a distance of
0.015R from the symmetrical axis Z, contained the entire contact
area as well as the zone where yield inception occurred. Zone I had
the ﬁnest mesh and the typical length in x direction of the element
was kept (1–1.5)  10  4R to capture accurately the contact radius
a. In this study, we assume that p(r) 40 if r oa; otherwise, p(r)¼0
if r Za, where p is the contact pressure and r is the distance from
contact center. The contact area A was calculated by A¼ pa2. The
subzones II and III, outside the contact zone, had a gradually
coarser mesh with increasing distance from the contact zone.
An eight-node quadrilateral element (PLANE 183) was used for
both the sphere and the coated substrate. A three-node contact
element (Conta172) and target element (Targe169) were used for the
contact surfaces of the sphere and the coating, respectively. The
entire model consists of 16,976–20,006 elements and 51,887–60,599
nodes depending on the dimensionless coating thickness t/R. The
following boundary conditions were imposed (see Fig. 1(a) and 3(a)):

 The nodes on the axis of symmetry Z of the sphere and the
coated substrate were constrained in the X direction.

 The nodes at the base of the substrate were constrained in
both X and Z directions.
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Fig. 3. Different mesh density zones (a) entire mesh and (b) zoom in of the contact region in the coated substrate.

3. Results and discussion
The following typical input parameters were used in the
numerical simulations: the radius of the rigid sphere is R ¼10 mm;
the dimensionless coating thickness t/R varied in the range of
0.001rt/R r0.06. The material properties of the substrate were:
Young’s modulus Esu ¼205 GPa; yield strength Ysu varied in the
range of 137rYsu r427 MPa and Poisson’s ratio nsu ¼0.30. The
material properties of the coating were: Young’s modulus Eco was
varied in the range of 223rEco r882 GPa; yield strength Yco
varied in the range of 411rYco r1710 MPa and Poisson’s ratio
vco ¼0.30. This was done to cover a wide range of critical loads
ratio 3.78 rPc_co/Pc_su r21.43, modiﬁed critical interferences
ratio 0.31rk’r2.005 and 480rEsu/Ysu r1500. In this study, we
assumed that Eco/Esu 41, Yco/Ysu 41 and Pc_co/Pc_su 41 to model a
hard coating on a soft substrate.

0.030

Dimensionless coating thickness, (t/R)p

The same assumptions deﬁned in Ref. [35] are adopted in this
study. They are: frictionless contact between the sphere and the
coating, perfect bonding at the interface between the substrate
and the coating, homogenous coating material and no residual
stresses. A displacement control (similar to that described in Ref.
[33]) was used to indent the sphere into the coated system. The
von Mises yield criterion was used to detect yield inception.
The materials of both the coating and the substrate were
assumed to be elastic-plastic with linear isotropic hardening of
2%. However, as was found in Ref. [30], the effect of strain
hardening on the contact parameters under perfect slip contact
condition is negligible for a tangent modulus less than 0.05E,
which is typical for most materials. Hence, the results in this
paper are applicable for most materials.
The numerical model was ﬁrst veriﬁed by using the same
material for the coating and the substrate and comparing the
results with the analytical Hertz solution. The errors in the
contact load and contact area were less than 2.5%. Proper
convergence of the numerical solution for the coated system
was tested by reﬁning the mesh size (increasing the number of
elements) until further reﬁnement has negligible effect. The
calculation time varied from 8–20 min depending on the dimensionless coating thickness t/R using a HP workstation computer
with four CPU 2.80 GHz and 8 Gb RAM.
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Fig. 4. Dimensionless thickness (t/R)p versus critical loads ratio for indentation
(solid lines) and ﬂattening (dashed lines) at different values of Esu/Ysu.

A change in the sphere radius and the Young’s modulus of the
substrate in the range 5rRr200 mm and 80 rEsu r550 GPa,
respectively, had negligible effects on the dimensionless critical
contact parameters, Pc/Pc_co, oc/oc_co and Ac/Ac_co, which remain
ﬁxed as long as t/R, Esu/Ysu, Pc_co/Pc_su, k0 and Poisson’s ratios of
both the coating and the substrate were maintained constant.
Similar to the coated ﬂattening sphere case, which was
described in Ref. [35], a peak value of the dimensionless critical
load Pc/Pc_co was also observed for the present case of indented
coated half space at a certain value of t/R¼ (t/R)p. By curve ﬁtting
the numerical results for (t/R)p and the corresponding (Pc/Pc_co)max,
the following expressions were obtained:
 
 1:003 

t
Esu
Pc_co 0:474
¼ 2:94U
R p
Y su
Pc_su

ð7Þ

ðP c =Pc_co Þmax ¼ 13:69Uk00:0156 12:41

ð8Þ

Fig. 4 presents a comparison of the value of (t/R)p for indentation (see Eq. (7)) and for ﬂattening (see Eq. (6)) for different values
of Esu/Ysu. The indentation and ﬂattening cases are shown by the
solid and dashed lines, respectively. From Fig. 4, we observe that
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the value of (t/R)p for indentation is almost identical with that for
ﬂattening in the range of 2rPc_co/Pc_su r9. This indicates that the
yield inception behavior of an indented coated half space is very
similar to that of a ﬂattened coated sphere. In industrial applications, the value of Pc_co/Pc_su could be beyond the range of
2rPc_co/Pc_su r9, as for instance, in the case of a carbon overcoat
on a magnetic thin ﬁlm as used in magnetic recording disks (see,
e.g., Ref. [36]). Hence, a wide range of 2rPc_co/Pc_su r25 is
investigated in this study.
Eq. (7) can be rearranged in the form
  

 
t
Pc_co 0:474 Esu 1:003
¼ 2:94 ¼ ðlh Þp
ð9Þ
R p Pc_su
Y su
where lh is deﬁned as a new dimensionless ‘‘hard coating
parameter’’ given by
 

 
t
Pc_co 0:474 Esu 1:003
lh ¼
ð10Þ
R
Pc_su
Y su
Fig. 5 presents a modiﬁed dimensionless critical load in the
form ðP c =P c_co Þ=ðP c =Pc_co Þmax as a function of the hard coating
parameter lh for different values of k0 . As shown in Fig. 5, dividing
the original dimensionless critical load Pc/Pc_coby its peak value
ðPc =P c_co Þmax , the curves for different values of k0 were consolidated into a single curve when lh r(lh)p.
Curve ﬁtting of the results presented in Fig. 5 provided a
universal expression in the form:
P c =Pc_co
b
¼ f 1 ðlh , k0 Þ ¼ a1 lh1 þ c1
ðPc =P c_co Þmax

ð11Þ

Similar to the behavior of the dimensionless critical load, peak
values were also found at the same (t/R)p for the dimensionless
critical contact area and the dimensionless critical interference.
These peak values are:
ðAc =Ac_co Þmax ¼ 1:976Uk00:1 þ 3:271


Pc_co
ðoc =oc_co Þmax ¼ 1:216U
Pc_su

0:116

ð12Þ
00:297

k

ð13Þ

The following empirical relationships were obtained by curve
ﬁtting the numerical simulation results for the modiﬁed dimensionless critical contact area (Ac/Ac_co)/(Ac/Ac_co)max and the modiﬁed dimensionless critical interference (oc/oc_co)/(oc/oc_co)max:
Ac =Ac_co
b
¼ f 2 ðlh , k0 Þ ¼ a2 lh2 þ c2
ðAc =Ac_co Þmax

ð14Þ
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oc =oc_co
b
¼ f 3 ðlh , k0 Þ ¼ a3 lh3 þ c3
ðoc =oc_co Þmax

ð15Þ

The coefﬁcients ai, bi and ci in Eqs. (11), (14) and (15) are
summarized in Table 1.
Fig. 6 shows a comparison of the dimensionless critical load Pc/
Pc_covs. the dimensionless coating thickness t/R for indentation
and ﬂattening. The dimensionless critical load Pc/Pc_cofor indentation and ﬂattening is calculated by the empirical equations
derived in this study and the work published in Ref. [35],
respectively. The results are shown for Esu/Ysu ¼952 and two
cases that cover a range of Pc_co/Pc_su and k0 values: (a) Pc_co/
Pc_su ¼8.75, k0 ¼0.678 and (b) Pc_co/Pc_su ¼2, k0 ¼0.31. From Fig. 6,
we observe that the behavior in the cases of indentation (solid
lines) and ﬂattening (dashed lines) is very similar. The largest
difference between Pc/Pc_co in indentation and ﬂattening is about
5.1% and 4.2% for cases (a) and (b), respectively.
The results shown in Fig. 6, indicate that in indentation, like in
ﬂattening, an optimum coating thickness exists for maximum
resistance to plastic yield onset. Also, as was found in Ref. [35], a
very small coating thickness can cause weakening of the coated
system when Pc/Pc_co o(Pc_co/Pc_su)  1.
Similar to the location of yield inception in the case of a
ﬂattened coated sphere described in Ref. [35], the coated substrate indented by a rigid sphere has yield inception in three
different locations, shown schematically in Fig. 7. For lh 5(lh)p
the onset of plastic yield occurs at location 1 within the substrate.
For lh o(lh)p yield inception occurs in location 2, which is in the
substrate side of the coating/substrate interface. For lh Z(lh)p, the
Table 1
The coefﬁcients ai, bi and ci in Eqs. (11), (14) and (15).
i

lh r(lh)p
1

2

3

ai
bi
ci

0.135
1.843
0.045

0.186
1.43
0.161

0.2122
1.349
0.156

i

lh 4(lh)p
1

2

3

 2.461k0 0.528 þ 4.836
 2.24
0.7937k0 0.171

 1.892k0 0.78 þ4.929
 2.7
0.25k0 0.47 þ0.582

 1.914k0 0.52 þ 3.561
 1.519
0.887k0 0.231  0.18

ai
bi
ci

1.2

1.0

Dimensionless critical load, Pc /Pc_co

Modified dimensioless critical load,
(Pc /Pc_co )/(Pc /Pc_co )max

1.6
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0.6

2.01
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0.524
k'=0.31
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Coating parameter, h
Fig. 5. Modiﬁed dimensionless critical load (Pc/Pc_co)/(Pc/Pc_co)max as a function of
the coating parameter lh for different values of k0 .

case (b)
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0
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0.015
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Dimensionless coating thickness, t/R
Fig. 6. Dimensionless critical load Pc/Pc_co vs. dimensionless coating thickness t/R
for indentation (solid lines) and ﬂattening (dashed lines). Esu/Ysu ¼ 952: (a) Pc_co/
Pc_su ¼ 8.75, k0 ¼0.678 and (b) Pc_co/Pc_su ¼ 2, k0 ¼ 0.31.
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onset of plastic yield occurs at location 3, which is within the
coating.
As an example, consider a rigid sphere with a radius R¼1 mm
indenting a steel ﬂat with a tungsten coating having the following
material properties (see nomenclature below): Esu ¼205 GPa,
Ysu ¼285 MPa, Eco ¼400 GPa, Yco ¼750 MPa, and nsu ¼ nco ¼0.3. From
Eqs. (3) and (4) one can calculate the critical loads and critical
interferences: Pc_co ¼ 0.047 N, Pc_su ¼0.01 N, oc_co ¼18.64 nm and
oc_su ¼10.25 nm. Using Eq. (7) the optimum thickness of the coating
for best resistance to yield inception is tp ¼8.4 mm. Using the
expression k0 ¼(oc_co/oc_su)/(Eco/Esu)we obtain k0 ¼0.932. Hence,
from Eq. (8) the corresponding maximum critical load of the coated
system is (Pc)max ¼ 0.064 N and the location of the onset of yield is
within the coating (location 3 in Fig. 7).
The critical load Pc of the coated system is plotted as a function
of the coating thickness t in Fig. 8(a). From this ﬁgure we ﬁnd that
for tungsten coating thicknesses t larger than tp ¼8.4 mm, the
critical load Pc decreases and eventually approaches the critical
load of the tungsten coating Pc_co. In this range of coating
thicknesses (solid line in Fig. 8(a)) the onset of yield remains
within the coating. When t decreases below tp (dashed line in
Fig. 8(a)), Pc decreases as well and the onset of yield moves to the
substrate side of the coating–substrate interface (location 2 in
Fig. 7). We observe furthermore that for a very thin coating the
onset of yielding occurs in the steel substrate (location 1 in Fig. 7).
When the coating thickness t is less than 2.6 mm, Pc becomes
smaller than the critical load of the uncoated steel ﬂat Pc_su.
Hence, at this range of very thin thicknesses the hard tungsten
coating is actually causing a weakening effect, which was also
noticed by Sun et al. [27] and by Goltsberg et al. [35].
Fig. 8(a) can provide a guideline for a good coating design for
this speciﬁc coated system indented by a rigid sphere of radius
R¼1 mm. Tungsten coating thickness t in the range of t o8.4 mm
should be avoided to prevent potential delamination when the
onset of plastic deformation is at the coating/substrate interface.
The best choice of the tungsten coating thickness is slightly above
8.4 mm. In this case the coating provides the maximum protection
against yield and also against potential delamination.
Finally, a comparison between the results shown in Fig. 8(a) and
a model for an indented coated ﬂat developed by Komvopoulos
and Ye [37] is presented in Fig. 8(b). According to the model in [37]
the mean contact pressure pm and the contact area A for a coated
system in the regime of elastic deformation are given by:
pﬃﬃﬃ 

4 2 Ee o
1
pm ¼
ð16Þ
Y e ,A ¼ A0
2
3p Y e a0
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
where the truncated contact radius is a0 ¼ oð2RoÞ, and the
truncated contact area is A0 ¼ p(a0 )2 The equivalent yield strength Ye

0

Coating Thickness, t (µm)

Fig. 7. Schematic description of the three typical locations of yield inception in
indentation of a coated substrate.
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Fig. 8. (a) Critical load, Pc, as a function of the coating thickness t for a tungsten
coated steel ﬂat system and (b) a comparison with the results based on Ref. [37].

and Young’s modulus Ee of the coated ﬂat indented by a rigid
indenter can be calculated from:
"
#
oE 1=2
su
Y e ¼ Y su þ ðY co Y su Þexp 
ð17Þ
t
Eco


pﬃﬃﬃ 1n2
pﬃﬃﬃ 1n2 1
co
su
þ eat=a p
Ee ¼ ð1eat=a p Þ
Eco
Esu

ð18Þ

where a is an empirical parameter depending on the indenter shape
[6,7]. Unfortunately, this parameter was not speciﬁed in Ref. [37]. To
enable a comparison, several values of a were selected. Substituting
the appropriate values for the parameter a, along with o ¼ oc
(obtained from Eqs. (15) and (13)) into Eqs. (16–18), one obtains
the critical load Pc ¼(pm)cAc as a function of the coating thickness t.
The results obtained in the current study and those calculated
based on Ref. [37] for tungsten coated steel ﬂat system are shown
in Fig. 8(b) (solid and dashed lines). Fair agreement is observed
between the current study and Ref. [37] with a ¼1.24 (see
Ref. [7]) for coating thicknesses below tp ¼8.4 mm. At larger
coating thicknesses the critical load based on Ref. [37] with
a ¼1.24 somewhat overestimates the values obtained from the
current study. A much better agreement was obtained with
a ¼0.7 for the entire range of coating thickness.

4. Conclusions
A model was developed to investigate the yield inception of a
coated half-space indented by a rigid sphere. A universal
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dimensionless hard coating parameter lh was identiﬁed, which
controls the critical contact parameters of the indented coated
system. Modiﬁed dimensionless critical load, critical contact area
and critical interference were obtained as functions of a hard
coating parameter lh and a modiﬁed critical interferences ratio k0 .
Three typical different locations of the yield inception of the
coated substrate were presented depending on the ratio lh/(lh)p.
A comparison with previously published results for yield
inception of a ﬂattened coated sphere showed that the behavior
for both situations is very similar. This is in line with the identical
behavior of elastic spherical contact according to the Hertz
solution in the absence of any coating.
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